We express the diagonals of projective, Grassmann and, more generally, flag bundles using the zero schemes of some vector bundle sections. We do the same for the single point subschemes in flag bundles. We discuss diagonal and point properties related to flag bundles.
Introduction
For a map of varieties π : F → X, it is useful to study the diagonal in the fibre square F × X F . The classes of such diagonals for fibre bundles in topology and smooth proper morphisms in algebraic geometry were investigated by Graham [4] , Fulton and the author [8] , [3, Appendix G] . As explained in [8, Section 5] , knowing such a class, one can compute the class of a subscheme of F . For an overview of applications, see [3, Chapter 7] .
In the present note, we shall rather study the diagonals in the Cartesian squares F × F of the total spaces of flag bundles π : F → X.
In [10] , we investigated with Pati and Srinivas which varieties X have the following "diagonal property" (D): there exists a vector bundle of rank dim(X) on X × X with a section whose zero scheme is the diagonal. If X has (D), then it is nonsingular. Also, the following "weak point property" (P ) was investigated: for some point x ∈ X, there exists a vector bundle of rank dim(X) on X with a section whose zero scheme is x. If a variety X has (D), then it has (P ) for any x ∈ X. Any nonsingular curve has (D). The product of varieties having (D), has (D). In [10, Section 3], we gave several detailed results on surfaces with (D). In particular, it was shown (loc.cit., Proposition 4) that a ruled surface (cf., e.g., [5, Chap. V, Sect. 2]) has (D), i.e., the projectivization of any rank 2 vector bundle on a nonsingular curve has (D). This result was a starting point of the present note.
It was shown by Fulton [2] and the author [9] that the flag varieties of the form SL n /P over any field have (D). Samuelsson and Seppänen [11] gave recently an application of the diagonal property of flag varieties to global complex analysis. The interest to (D) for flag varieties was related to the theory of Schubert polynomials of Lascoux-Schützenberger [7] . These authors defined on the polynomial ring in several variables a scalar product [6, Chapter 10] , for which the (single) Schubert polynomials and their "duals" form adjoint bases (loc.cit., Corollary 10.2.4). The reproducing kernel for this scalar product is equal to the top Schubert polynomial (loc.cit., Section 10.2), which, in turn, is equal to the top Chern class of the vector bundle, realizing (D) for the variety SL n /B of complete flags -a result of Fulton [2] .
Note that we do not know if the flag varieties for the symplectic and orthogonal groups (and also other groups) have (D). In fact, one of the symplectic flag varieties, namely the 3-dimensional Lagrangian Grassmannian is a nonsingular quadric hypersurface in P 4 , and thus it does not have (D) (see [10, Proposition 12] ).
The present note arose from our attempts to understand relations between the diagonals of the base spaces and those of the total spaces of flag bundles.
We shall also study the following variant of (D). Given a section s of a vector bundle, we write Z(s) for its zero scheme. We say that X has property (D ′ ), if there exist two vector bundles A and B on X × X such that rank(A) + rank(B) = dim(X), a section s of A and a section t on Z(s) of the restriction B Z(s) of B to Z(s) such that Z(t) is the diagonal of X. Thus for A = (0), we recover (D). Note that (D ′ ) is a slight weakening of (D) as the key property that the rank of the bundle is dim(X) holds also for (D ′ ).
Similarly, we say that X has property (P ′ ), if for some x ∈ X, there exist two vector bundles A and B on X such that rank(A) + rank(B) = dim(X), a section s of A and a section t of B Z(s) such that Z(t) is x. A variety X with (D ′ ) is nonsingular because its cotangent sheaf is locally free: it is isomorphic to the restriction of A * ⊕ B * to the diagonal of X. If X has (D ′ ), then for any x ∈ X, (P ′ ) holds by restricting the data giving (D ′ ) to X × {x}.
We shall prove in Theorem 3 that if the base space of a flag bundle has (D), then its total space has (D ′ ). In Section 5, we shall discuss the topological analogs of this result for (D r ) and (D c ), studied in [10, Section 6] . Similarly, we shall prove in Theorem 6 that if the base space of a flag bundle has (P ), then its total space has (P ′ ), and discuss in Section 5 the topological analogs of this result for (P r ) and (P c ) from [10, Remark 6].
Flag bundles
Let E be a vector bundle of rank n on a variety X over a field. Fix an increasing sequence of integers
By a d • -flag, we mean an increasing sequence of subbundles of E
be the flag bundle parametrizing all d • -flags. For example, the sequence
, and for d = 1, we get the projectivization P (E) of E (see [5, p. 162 
(this fact is well-known; the equality holds because the Grassmannian
, there exists the following tautological sequence of vector bundles:
where rank(S i ) = d i for i = 1, . . . , k, and Q i is the quotient of π * E by S i , so that rank(
where rank(S) = d, is a short exact sequence.
and using (1), we see that with d 0 = 0, we have
Write F = F l d• (E). Let F 1 = F 2 = F , and denote by
the two projections. We shall now construct a certain vector bundle of rank dim(F ) on F 1 ×F 2 . If k = 2, using the notation of (3), we define the following vector bundle
Suppose now that k ≥ 3. Using the notation of (2), consider the following homomorphism of vector bundles on F 1 × F 2 :
where
Lemma 1
The homomorphism ϕ is surjective.
Proof. Let us fix
. By subtracting from h a suitable homomorphism from Hom(p * 1 S i+1 , p * 2 Q i+1 ) restricted to the subbundle p * 1 S i of p * 1 S i+1 , we get a homomorphism from p * 1 S i to p * 2 Q i+1 , which factorizes through p * 2 Q i . But such a homorphism belongs to ϕ(Hom(p * 1 S i , p * 2 Q i )). The assertion follows. ✷ Define the following vector bundle on F 1 × F 2 :
Using Lemma 1, we obtain (with d 0 = 0)
Note 2 The present section is an expanded version of [9, pp. 107-8] . The bundle H, defined in (7), is modeled on the bundle K from [2, (7.6)].
Diagonal properties
We adopt the set-up from the previous section, and state the following result.
Proof. Let G be a vector bundle of rank dim(X) on X × X with a section whose zero scheme Z(s) is the diagonal ∆ X of X. Fix d • , and follow the notation from Section 2. Let
be a bundle on F 1 × F 2 together with a section s ′ = (π 1 × π 2 ) * (s). Consider
Let q 1 , q 2 : X × X → X be the two projections. The following two vector bundles on ∆ X are equal:
Since
, we obtain from (9) that the following two vector bundles on Z are equal:
Thanks to (10), we get, for any i = 1, . . . , k−1, the following homomorphism:
of vector bundles on Z. Here, the subbundle S i ֒→ E F and the quotient bundle E F ։ Q i are from (2) . The family of homorphisms {h i } gives rise to the section h i of the vector bundle
Suppose k ≥ 3. It follows from (11) that we have on Z h i+1 |p *
Indeed, since h i and h i+1 factorize through E, the two displayed homomorphisms from p * 1 S i Z to p * 2 Q i+1 Z are equal. Invoking (6), we see that ϕ( h i ) = 0, and we obtain a section t of the bundle H Z → Z, where H is the vector bundle on F 1 × F 2 from (7) and (5). By (4) and (8), we have rank(G ′ ) + rank(H) = dim(F ).
We claim that the section t of the bundle H Z vanishes exactly along the diagonal ∆ F ⊂ F 1 × F 2 . It vanishes on ∆ F since the tautological sequence of vector bundles on G d i (E) is a complex for any i = 1, . . . , k − 1 (cf. (3)).
Conversely, we claim that for a point f ∈ Z, if t(f ) = 0, then f ∈ ∆ F . Having defined the sections s ′ , t globally, it is sufficient to check this assertion locally, where F 1 ×F 2 is the product of the Cartesian square of the base space times the Cartesian square of the flag variety F l d• (E x ) =: F x , x ∈ X. If f ∈ Z, then π 1 (f ) = π 2 (f ) = x, say, so we may regard f as a point
where we write V for E x , S i and Q i are the restrictions to F x of the tautological bundles on F , and p 1 , p 2 are the two projections from F x,1 × F x,2 to the factors. At the point f = ((L i ), (M i )), (12) becomes the map
whose vanishing implies L i = M i . This holds for any i = 1, . . . , k − 1. We have proved that Z(t) = ∆ F , and the assertion of the theorem follows. ✷
We record the following simple fact.
Lemma 4 Let E be a vector bundle on a variety X. Let q 1 , q 2 : X ×X → X be the two projections. Suppose that the following two vector bundles on X × X are equal:
Proof. Fix a point x ∈ X. By the assumption, we have
Via the identification X × {x} ≃ X, the LHS is the bundle E → X. The RHS is the trivial bundle (E x ) X . The assertion follows. ✷ Remark 5 Let us speculate a bit about the proof of Theorem 3. To convert it to that of (D), we must extend the section t to the whole F 1 × F 2 . This can be done only if p * 1 E F 1 = p * 2 E F 2 ; so, by virtue of Lemma 4, only if the bundle E F is trivial.
Point properties
We shall now prove an analogous result for the point properties.
Proof. Fix d • , and write F = F l d• (E). Let π : F → X be the projection. Suppose that for the fixed point x ∈ X, there exists a vector bundle G of rank dim(X) on X with a section s whose zero scheme is x. We shall show that F has (P ′ ) for any point f ∈ π −1 (x). Let G ′ = π * (G) and s ′ = π * (s). Consider W = Z(s ′ ) ⊂ F . In other words W = π −1 (x).
Using the vector bundle H from (7) and (5), we define the following vector bundle:
from the proof of Theorem 3. In this proof, we constructed the section t of the bundle H Z → Z whose zero scheme is the diagonal of F . We have W ≃ W × {f } ⊂ Z. The restriction to W × {f } of the section t, gives rise to a section, denoted t ′ , of the bundle H ′ W ×{f } → W × {f }. We claim that Z(t ′ ) = f . The section t ′ vanishes at f because (f, f ) belongs to the diagonal.
It is sufficient to check the converse assertion locally. Let g ∈ Z(t ′ ). Since π(g) = π(f ) = x, we may regard
where p 1 : F x × {f } → F x ), p 2 : F x × {f } → f are the two projections, and S i (resp. Q i ) are the restrictions of the tautological bundles from F to F x (resp. f ). Restricted to the point g, (13) becomes the map
whose vanishing implies M i = L i . This holds for every i = 1, . . . , k − 1. We have proved that g = f , i.e., Z(t ′ ) = f , and hence F has (P ′ ) for any f ∈ π −1 (x). ✷ Remark 7 Let us speculate a bit about the last proof. To convert this proof to that of (P ), we must extend the section t ′ to the whole F × {f }. This can be done only if p * 1 E F = V F ×{f } , i.e., E F is trivial.
Sometimes, one studies the following "strong point property" of a variety X: for any x ∈ X, there exists a bundle on X of rank dim(X) with a section whose zero scheme is x. Granting this property of X, the above reasoning shows that F has (P ′ ) for any point f ∈ F . Indeed, given f ∈ F , put x = π(f ), and argue as above.
Topological properties
We now pass to topology. We first recall some definitions from [10, Section 6] . Let X be a (smooth) compact connected oriented manifold, and ∆ be the diagonal submanifold of X × X. We say that X has property (D r ) if there exists a smooth real vector bundle of rank dim(X) on X × X with a smooth section s which is transverse to the zero section of the bundle and whose variety of zeros is ∆. If dim R X = 2m and the above vector bundle is a complex vector bundle of complex rank m, then we say that X has property (D c ). If X has (D c ), then it is almost complex (loc.cit., p. 1259). For a complex manifold, we have the following relation between the diagonal properties: Both cases of the proposition can be proved by the construction using the tautological bundles from the proof of Theorem 3.
Remark 10 In [10, Remark 6], the topological point properties (P r ) and (P c ) were discussed. Let (P ′ r ) and (P ′ c ) be the properties defined in an analogous way to (P ′ ). By the argument from Theorem 6, we see that if X has (P r ) (resp. (P c )), then F l R d• (E) (resp. F l C d• (E)) has (P ′ r ) (resp. (P ′ c )).
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